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Mixture models: usefulness

Topic modeling, Financial returns
Image annotation, classification, segmentation

Source: Blei et al. 2003 Source: Rotem et al. 2007
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Gaussian mixture models: formulation

Distribution of observed variable X in a latent variable model with
labels Z

Z ∼ multinomial(w1, . . . , wK) and [X
∣∣∣Z = i] ∼ N (µi,Σi)

Marginal distribution of X:

X ∼
K∑

i=1

wiN (µi,Σi)

Goal: Given samples X1, ..., Xn , our aim is to estimate the
parameters (µi,Σi)

K
i=i
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Estimation by EM algorithm:

Dempster-Laird-Rubin, Sundberg, Martin-Löf, Jeff Wu 1970-80
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Well specified 2-Gaussian mixtures

True model:
1

2
N (−θ∗, σ∗2Id) +

1

2
N (θ∗, σ∗2Id)

Fitted model:
1

2
N (−θ, σ2Id) +

1

2
N (θ, σ2Id)
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Earlier work:

Asymptotic results: Boyles 1983, Neal and Hinton 1995, Ma, Xu
and Jordan 1996, 2000, Ruan, Yuan and Zhou 2011, ...

Non-asymptotic results: Balakrishnan et al. 2017, Yin et al. 2017,
Daskalakis et al. 2017, Cai et al. 2019, ...
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Strong vs Weak signal

True model:
1

2
N (−θ∗, σ∗2Id) +

1

2
N (θ∗, σ∗2Id)

Fitted model:
1

2
N (−θ, σ2Id) +

1

2
N (θ, σ2Id)

In strong signal,
‖θ∗‖
σ∗

is large.

In weak signal,
‖θ∗‖
σ∗
≈ 0.

Strong signal case was analyzed by Cai et al. 2019.
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Weak signal:

True model: N (0, Id)

≡ 1

2
N (−θ∗, Id) +

1

2
N (θ∗, Id) with θ∗ = 0

Fitted model:
1

2
N (−θ, σ2Id) +

1

2
N (θ, σ2Id)

Two observations:
Here θ∗ = 0 and σ∗ = 1, the weak signal case.
Over-specified model.
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Main result

For the no signal case θ∗ = 0, for arbitrary initialization, the sam-
ple EM iterate satisfies:

‖θtn − θ∗‖2 .





(
1

n

) 1
8

for t & n
3
4

(
d

n

) 1
4

for t &
(n
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2
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For the strong signal case, ‖θ∗‖ > C, [Cai et al. 2019] showed1

‖θtn − θ∗‖2 .
(
d

n

) 1
2

for t & log(n).

1
Result for a more general probelm an for a variant of EM
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Statistical slowdown
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Computational slowdown
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Matching simulations:

102 103 104 105

Number of samples n

10−1

100
‖θ̂

n
,d
−
θ∗
‖

Statistical error vs n

d = 1

slope = −0.126

d = 2

slope = −0.252

d = 16

slope = −0.261
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Do the results generalize?

102 103 104

Number of samples n

10−3

10−2

10−1

100

W
1(
G ?
,G

f
it
)

Statistical error vs n

Kfit = 3

slope = −0.497

Kfit = 4

slope = −0.277

Kfit = 5

slope = −0.222

True model: 3-Gaussian
mixture.

Fitted model: Mixture of 3
or more Gaussians.
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Key ideas
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Notation

EM iterates: θn1 , . . . θ
n
t

Mn(·) is the EM operator, i.e., θnt+1 = Mn(θnt )

M(·) is a suitably chosen operator.
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Proof strategy d = 1

‖θnt+1 − θ∗‖2 := ‖Mn(θnt )− θ∗‖2
≤ ‖M(θnt )− θ∗‖2 + ‖Mn(θnt )−M(θnt )‖2
≤ κ(θnt , θ

∗)‖θnt − θ∗‖2 + εn(θnt , θ
∗)

Key recursion:

‖θnt+1 − θ∗‖2 ≤ κ(θnt , θ
∗)‖θnt − θ∗‖2 + εn(θnt , θ

∗).
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Sharp bound on κ(θ, θ∗)

κ(θ, θ∗) � 1− c‖θ − θ∗‖6 for d = 1.

Observe, κ(θ, θ∗) < 1 (Only locally).

κ(θ, θ∗)→ 1 as θ → θ∗.
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Two stages of analysis

Stage-1 :

sup
‖θ−θ∗‖≤r

εn(θ, θ∗) ≤ r√
n

Satge-2:

sup
‖θ−θ∗‖≤r

εn(θ, θ∗) ≤ r3√
n
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Analysis in stage 1

‖θnt+1 − θ∗‖2 .
(
1− c‖θ − θ∗‖6

)
‖θnt − θ∗‖2 +

r√
n
.
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Analysis in stage 2

‖θnt+1 − θ∗‖2 .
(
1− c‖θ − θ∗‖6

)
‖θnt − θ∗‖2 +

r3√
n
.

In stage 2 we use the sharper bound for εn(θ, θ∗).
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Satge 1 + Stage 2
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