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Compress Then Test: Powerful 8 /N
Kernel Testing in Near-linear Time “ti’ M oo e o oot

Domingo-Enrich! Dwivedi*’ Mackey* Research
Kernel two-sample testing Speed up testing by compressing
o X = (Xi)1<i<n .i.d. sample of P, Y, = (Yi)1<i<n i.i.d. sample of Q. e Compress X, to Xm of size m = \/; with small MMDlz((Xn, Xm)
e Null hypothesis: #Zy: P = O
* Non-parametric form via kernel maximum mean discrepancy (MMD) Random K(;Comprelss
etty et al.,

subsampling 2023)

A / /
H o : MMD(P, Q) =Ey y pK(X, X)+Eyy pk(Y, Y)=2Ey p y ok(X, ¥)=0

MMD.(X,,X ) O~  Om~1?)
| o 0 if MMD;(X,,Y,) <t (accept )
with Test statistic: ACX,, Y ) = Time O(n'’?) O(n)
I if MMD2(X,,Y,) > 1. (reject %) " "

Prior MMD strategies are slow Compress Then Test (CTT)
e Computing MMD takes O(n”) time

Z”_ kK(X., X,) ZH 1 ( Y.,) 22?:12;;11{()(1'» Y].) 1. Run KT-Compress to get X, — X &Y, = \A/m with m = 29\/Z

2 _ | A
MMD; (X, Y,) = " | 2 2 2. Use MMD2(X, , Y, ) instead of MMD2(X,, Y,)

e Can we speed up the test while

3. Compute threshold ¢, via cheap permutations: Group data into s < \/E

A. respecting Type | error: reject null rarely when PP = Q, and bins, sample % permutations of [s], and permute the s bins

B. keepi test ful: reject null oft hen P ? >
eeping our test powerful: reject null often when P # Q CTT runtime: O(n) + O(s2B) if g = loglog n

* Prior speedup strategies sacrifice power! o . ,
Original test runtime: O(n°5)

Compress (the Data and) Then Test

Turns quadratic time tests to near-linear time tests
Provides up to 200x speed-up (1 hour — 20 sec)

Works with kernel approximations (Low-rank CTT)

1

2

3. Maintains level and power provably

A

5. Applies for kernel selection (Aggregated CTT)

CTT's dominance in time-power tradeoff on Gaussian data and EMNIST data
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Kernel two-sample testing
o X, = (X) i.i.d. sample of P, Y, = (V)

1<i<n 1<i<n
P = ()

* Non-parametric form via kernel maximum mean discrepancy (MMD)

.i.d. sample of Q.

e Null hypothesis: #Z :

%,: MMDX(P, Q)2

'X,X'Npk(X , X)

_Y,Y’NPk(Ya Y,)_ _XNP,YN@k(X, Y) =0

0 if MMD;(X,,Y,) <t (accept )

with Test statistic: ACX,, Y ) =
1 if MMD;(X,,Y,) > ¢t (reject #,)

Prior MMD strategies are slow
e Computing MMD takes O(n”) time

> kXL X)X

k(Y,,Y;,) 23 > k(XY
MMD2(X,,, Y,) = P ki

n? n? n?
e Can we speed up the test while

A. respecting Type | error: reject null rarely when P = Q), and

B. keeping our test powerful: reject null often when P # Q7

* Prior speedup strategies sacrifice power!

Speed up testing by compressing

e Compress X, to X of size m < n with small MMD? (X, X

Random 'g‘hczmﬁrelss
5 I etty et al.,
subsampling 2023)
MMDy (X, X,,) O(m_%) O(m=h
Time O(m) O(m?)

Compress Then Test (CTT)

1. Run KT-Compress to get X, — X &Y, = \A/m with m = 29\/2
2. Use MMD? (X Y ) instead of MMD? (X, Y,)

3. Compute threshold t, via cheap permutations: Group data into

s < m bins, sample 9B permutations of [s], and permute the s bins

Total runtime: O(4%) = O(n) if ¢ = loglog n

Compress (the Data and) Then Test

Turns quadratic time tests to near-linear time tests

Provides up to 200x speed-up (1 hour — 20 sec)

Works with kernel approximations (Low-rank CTT)

1
2
3. Maintains level and power provably
A
5

Applies for kernel selection (Aggregated CTT)

CTT guarantees

A. Exact Type 1 error:
it MMD, (P, Q) = 0, then Pr[ACX,,Y ) = 1] = «a

B. Power:
f MMD, (P, Q) > Separation(f), then PrfACX,,Y)=1]>1—-p

Test name MMD separation  Runtime [ Tails of Pon R? Choice of k' Ry y(P,n,9,9)
(ours(,:'ITPTm. 1) Rk’k/(zﬂj;/r%(s, 9 +n2 499 log n Compact Compactk,, (10g 2)2
(g:;?opnl:tt:.,l\g(!\:l 22) n=2 n’ Subexp Analytic k (log %) E
(Zazrl:bzkeiva:ll.\,nz)m) (Bn)_% Bn Subexp Subexp k (log %) T
|(r:(z:;r;|zleett:.,l\2/IOl\1/I9I)D Lﬂ_% Z p-Heavy-tail p-Heavy-tail k (Z)Zi(log%)d :

B = Number of blocks used in Block MMD test

£ = Number of ordered index pairs in Incomplete MMD test

0 = Failure probability for CTT guarantees
K’ = auxiliary kernel used by KT-Compress & k(x, y) =J K.(x, 2K (2, y)dz

CTT's dominance in time-power tradeoff on Gaussian data and EMNIST data
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Low-rank CTT's dominance over random Fourier features based test
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1. Compress X, , Y, to Xm,\? e? \F ing KT-Compre
O(4%m) time
2. Use MMDIZ(OA{m, \A/m) as the test statistic: O(49m) time

Total runtime:O(m) if ¢ = log log m
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